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ABSTRACT
Topological quantum field theories containing matter fields are constructed by
twisting N = 2 supersymmetric quantum field theories. It is shown that N = 2
chiral (antichiral) multiplets lead to topological sigma models while N = 2 twisted
chiral (twisted antichiral) multiplets lead to Landau-Ginzburg type topological
quantum field theories. In addition, topological gravity in two dimensions is for-
mulated using a gauge principle applied to the topological algebra which results
after the twisting of N = 2 supersymmetry.
⋆ E-mail: LABASTIDA@EUSCVX.DECNET
1. Introduction
Recently, there has been a rapid development of topological gravity [1-6] as
well as conformal topological matter in two dimensions [7] coupled to topological
gravity [8,9,10]. Since the relation between topological gravity and one-matrix
models [11] was pointed out by Witten [12], many efforts have been carried out
to analyze the scope of this type of relation [13,14]. Similarly, it has been shown
that topological gravity coupled to some kind of conformal topological matter is
related to multimatrix models [8,15]. Though the study of topological matter
in two dimensions is important in its own right, this connection has stimulated
the study of this type of topological quantum field theories. Different aspects of
conformal topological matter have been considered in recent works [16-25]. In this
paper we will study topological matter in two dimensions from a general point of
view, i.e., without restricting ourselves to the conformal case.
So far, all matter coupled to topological gravity has concerned conformal topo-
logical matter resulting after twisting N = 2 minimal models [26,7]. These theories
have c < 3 and therefore, after the twisting, they correspond to topological gravity
coupled to topological matter with d < 1. In this sense, the cases considered are
below the d = 1 barrier. Presumably, beyond d = 1 the topological and the ordi-
nary phases of non-critical strings are very different, contrary to what happens for
d < 1. However, it would be interesting to understand the behavior of topological
quantum field theories for d > 1 because, possibly, one could gain some insight on
the structure of non-critical strings in more realistic dimensions. It is easy to find
topological matter which leads us beyond the d = 1 barrier. For example, some
interesting models are the ones corresponding to topological Wess-Zumino-Witten
models.
In this paper we will set up the basis of the analysis of topological matter
from the point of view of twisting N = 2 supersymmetric theories [27,28]. We will
concentrate on theories resulting from the twisting of N = 2 chiral (antichiral)
multiplets and N = 2 twisted chiral (twisted antichiral) multiplets as the basic
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building multiplets of N = 2 supersymmetry [28]. We will consider theories which
contain only one type of these multiplets. In future work we will enlarge our
analysis to the case in which one has a mixture of these multiplets. This will lead
to some types of topological Wess-Zumino-Witten models. Of course, there are
other N = 2 multiplets [29] which should be also analyzed in this framework and
that presumably lead to a rich class of topological matter.
Three types of topological matter in two dimensions are known. The first type,
the topological sigma models, were found by Witten [30]. He showed that they
correspond to some kind of twisted N = 2 matter. In this work we will show that
this type of topological matter is the result of twisting N = 2 chiral multiplets.
All topological matter constructed out of twisting N = 2 chiral multiplets will
be referred as type A topological matter. The second type of models, conformal
topological field theories in two dimensions, were first described from the point of
view of their operator product algebra by Eguchi and Yang [7]. Finally, the third
type of models, also called topological Landau-Ginzburg models, were proposed by
Vafa [31]. In this paper we will show that this kind of topological matter is the
result of twisting twisted chiral multiplets. This topological matter will be referred
as type B topological matter. Our aim will be to construct the most general class
of models corresponding to each of the non-conformal types. For type A it has
been shown recently [32] that the topological sigma models constructed by Witten
[30] can be enlarged by adding potential terms for the case in which the target
manifold has isometries. As we will observe in this paper, these potential terms
are not of the usual type in N = 2 supersymmetric theories (F-terms). Twisting
N = 2 supersymmetric theories may lead to actions which are not gauge invariant.
This is indeed what occurs for the case of type A matter. F-terms are not allowed
and the only possibility to add potential terms to a topological sigma model is to
make use of the formulation of N = 2 supersymmetric theories given by L. Alvarez-
Gaume´ and D. Z. Freedman [27]. For type B topological matter, however, F-terms
are allowed and we will obtain the most general form of the action corresponding
to this type of topological matter. The simplest of our models, the corresponding
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to a flat target space, will be identified with the one constructed by Vafa [31].
Though it is known that twisting N = 2 supersymmetry one obtains topological
sigma models or topological Landau-Ginzburg models, it is not clear which aspect
(the type of twisting or the choice of N = 2 supermultiplet) is responsible for their
difference. In this work we will show that once the twisting procedure is fixed,
different multiplets lead to different topological models. Our analysis will provide
the most general action for either kind of topological matter. These results will
set up the framework for mixed multiplets which must be related to a topological
version of Wess-Zumino-Witten models.
Another important aspect of our work is the appearance of the topological al-
gebra. This algebra is a twisted version of N = 2 supersymmetry which besides the
Poincare algebra contains two basic odd operators Q and Gµ. Indeed, the twisting
of the spin 1/2 supersymmetric charges leads to two operators of spin 0 (one of
them is Q) and one operator of spin 1 (with two components). In the conformal
case this algebra becomes the one first obtained in [7]. The topological algebra pro-
vides a gauge principle to formulate topological gravity. Let us describe how this
works. Starting with an N = 2 supersymmetric theory in a flat two-dimensional
space, one finds, after twisting, a theory whose action is certainly invariant under
transformations generated by the generators of the algebra. However, if now one
places the resulting theory on an arbitrary two-dimensional manifold by introduc-
ing a metric gµν , there is no reason to expect the action to be invariant under the
whole algebra. A similar situation with the N = 2 supersymmetric case would lead
to N = 2 supergravity. It turns out that the resulting action is invariant under
Q for an arbitrary two-dimensional manifold while, in general, it is not invariant
under Gµ. A simple way to understand the reason behind these facts is that Q is
a scalar operator and therefore one does not expect complication when analyzed
on a curved space. However, Gµ is a vector operator and, as in ordinary gravity,
general covariance implies the introduction of additional fields. A twisted theory
by itself turns out to be a topological quantum field theory. On one hand its action
is Q-invariant. On the other hand, the topological algebra almost guarantees that
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the energy-momentum tensor is Q-exact
⋆
. We will introduce topological gravity
by requiring the resulting action to be invariant under the vector-like symmetry.
This is obtained by gauging the symmetry generated by Gµ, i.e., by introducing
an odd gauge field, ψµν , which is a Q-partner of gµν .
The way we obtain topological gravity by using a gauge principle applied to
the topological algebra is very reminiscent of the way gravity is induced in string
theory. In this way we could think of topological gravity as induced topological
gravity. Certainly, in this construction all couplings to matter are automatically
generated. What is left is any additional term which involves just the gravity
topological multiplet. It seems that in two dimensions there is not a possible non-
trivial term of this kind to be added to the action. However, similar procedures
carried out in higher dimensions may lead to additional structures. In principle,
any term which is invariant under the transformations obtained after the gauging
is allowed. Notice that from this point of view one can think of pure topological
gravity as the case in which all matter is set to zero, similarly to the case of string
theory.
The paper is organized as follows. In sect. 2 we will discuss the general form
of the topological algebra which results after twisting N = 2 supersymmetry. In
sect. 3 we will carry out the twist corresponding to chiral (antichiral) multiplets
deriving the form of topological sigma models. This type of topological matter
will be referred as type A. In sect. 4 twisted chiral (twisted antichiral) multiplets
are analyzed and Landau-Ginzburg type of models are constructed. The resulting
type of topological matter will be referred as type B. In sect. 5 we will construct
topological gravity using a gauge principle. Finally, in sect. 6 we state our conclu-
sions and we discuss the different lines of investigation opened in the framework of
this paper. The appendix summarizes our conventions.
⋆ As it shown in sect. 4, for type B topological matter this holds only on-shell.
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2. The Topological Algebra
In this section we will derive the general form of the algebra corresponding to
a topological quantum field theory (TQFT). We will derive it by twisting N = 2
supersymmetry but it applies to a more general set of theories than the ones which
can be obtained as the result of a twist.
The algebra of N = 2 supersymmetry in two space-time dimensions is consti-
tuted by the following relations:
{Qα+, Qβ−} =γµαβPµ,
{Qα+, Qβ+} ={Qα−, Qβ−} = 0,
[Qαa, Pµ] =[Pµ, Pν ] = 0,
[J,Q±a] =± 1
2
Q±a,
[R,Qα±] =± 1
2
Qα±,
[J, Pµ] =− iǫµνPν ,
[R,Pµ] =0,
[J,R] =[J, J ] = [R,R] = 0,
(2.1)
where J is the generator of Lorentz SO(2) transformations and R the generator
of the internal SO(2) symmetry. In (2.1) greek indices from the beginning of the
alphabet denote Lorentz SO(2) spinor representations, and latin indices spinor
representations of the internal SO(2) symmetry. Greek indices from the middle
of the alphabet denote Lorentz vector representations. The epsilon symbol in this
expression is taken in such a way that ǫ12 = −ǫ21 = 1, and γµ are Dirac gamma
matrices. Throughout this paper we use two-dimensional Euclidean space. Our
conventions are summarized in the appendix. There are N = 2 models where
R-symmetry is broken by potential terms. Of course, all N = 2 superconformal
models are R-invariant. On the other hand, as it is described below, there are N =
2 models which are not superconformal invariant and are R-invariant. From (2.1)
is clear that if one is able to twist in such a way that some of the supersymmetric
charges becomes scalar and the other ones components of a vector one possesses
a momentum operator which is Q-exact. Furthermore, it seems plausible that in
addition the new scalar charge squares to zero.
To carry out the twist we will perform a change in the spin of the supersym-
metric charges. To do this we have to redefine the Lorentz generator in such a way
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that under the new one some of the supersymmetric charges behave as scalars.
There are two obvious but equivalent possibilities to carry this out. Certainly, by
adding or subtracting the generators R and J one finds that some of the operators
Qαa become scalars respect to the resulting angular momentum generator. Let us
define, for example,
J˜ = J +R. (2.2)
Respect to the new Lorentz generator J˜ one finds that Q+,− and Q−,+ behave as
scalars while the pair Q+,+, Q−,− behave as a vector. Let us make the following
definitions to make manifest the new Lorentz structure of each of the generators:
QL = Q+,−,
QR = Q−,+,
Q+,+ = γ
µ
++Gµ,
Q−,− = γ
µ
−−Gµ.
(2.3)
Notice that Lorentz SO(2) and internal SO(2) indices are separated by a comma
when specified explicitly. Clearly, from (2.1) follows that
Q2L = Q
2
R = {QL, QR} = 0. (2.4)
Let us rewrite the algebra (2.1) in terms of the new Lorentz generator J˜ and the
following operators defined from (2.3),
Q = QL +QR, M = QL −QR. (2.5)
7
It turns out that the resulting algebra takes the following form,
Q2 = M2 = {Q,M} = [Q,Pµ] = [M,Pµ] = 0,
{Q,Gµ} = Pµ,
[Q, J˜ ] = [M, J˜ ] = 0,
{M,Gµ} = −iǫµνPν ,
[J˜ , Pµ] = −iǫµνPν ,
[J˜ , Gµ] = −iǫµνGν ,
[Pµ, Pν ] = {Gµ, Gν} = [J˜ , J˜ ] = 0.
(2.6)
This algebra contains the ingredients of a TQFT. It certainly possesses the gener-
ators of the ordinary Poincare group plus a nilpotent operator, Q. Furthermore,
the momentum operator is Q-exact. In addition, the generators Gµ and M can be
thought as a kind of odd version of the Poincare group. Notice however that the
operatorM which could play the role of odd Lorentz generator rotates Gµ into Pµ.
This is on the other hand rather natural since it would be inconsistent with the
odd nature of Gµ and M to rotate it into Gµ.
It is worth to mention that in addition one has the R generator. Its action on
the operators entering in the algebra (2.6) is,
[R,Q] = −1
2
M,
[R,M ] = −1
2
Q,
[R,Gµ] = − i
2
ǫµ
νGν ,
[R,R] = [R, J˜ ] = [R,Pµ] = 0.
(2.7)
The algebra (2.6) together with the relations (2.7) constitute what we will call
topological algebra. In the coming section we will find out that the R symmetry
can be redefined so that it can be regarded as “ghost number”. Actually, it is
possible to introduce this ghost number symmetry in a more general framework
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using the fermion-number symmetry of the N = 2 supersymmetric theory. If F
is the generator of this symmetry, its action on the operators entering the N = 2
supersymmetric algebra (2.1) is,
{F,Q+,−} =Q+,−,
{F,Q−,+} =Q−,+,
{F,Q+,+} =−Q+,+,
{F,Q−,−} =−Q−,−,
(2.8)
while it commutes with all other operators in (2.1). Notice that the first relation
in (2.1) is consistent with (2.8) since γµ+−Pµ = 0 (see the appendix). After the
twisting one finds that,
{F,Q} = Q, {F,M} = M, {F,Gµ} = −Gµ, (2.9)
while its action on all other generators in (2.6) is trivial. Clearly, the natural
interpretation of these transformations in the twisted theory is the corresponding
to “ghost number”. The reason being that one would think that the generator
Gµ lowers the ghost number by one unit while the Q-generator increases it by the
same amount. This is consistent with the second relation in (2.6). Notice that
F treats both components of Gµ in the same footing while, according to (2.7), R
treats differently right and left components.
Before constructing the models of topological matter let us review the general
features of a topological quantum field theory from the perspective of the topologi-
cal algebra (2.6). First, we will recall what is understood by a topological quantum
field theory. Let us consider a quantum field theory defined on a manifold M en-
dowed with a metric gµν . This quantum field theory is topological if there exist
some correlation functions involving some of the fields of the theory, 〈φi1φi2 ...φin〉
such that:
δ
δgµν
〈φi1φi2 ...φin〉 = 0. (2.10)
Here the indices of the field denote certain quantum numbers as well as, possibly,
space-time points, curves or surfaces. If one considers only fields φi which are in-
dependent of the metric gµν , one way to ensure a property like (2.10) in a quantum
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field theory is the following. Let us assume that the theory possesses a symmetry
and that the fields φi entering into the correlation functions above are invariant
under such a symmetry,
δφi = 0. (2.11)
Property (2.10) follows if in addition there exist a tensor Gµν such that the energy-
momentum tensor of the theory, Tµν , can be written as
Tµν = δGµν . (2.12)
To verify this notice that,
δ
δgµν
〈φi1φi2 ...φin〉 = 〈φi1φi2...φinTµν〉
= 〈φi1φi2...φinδGµν〉 = 〈δ(φi1φi2...φinGµν)〉 = 0,
(2.13)
where in the last step we have used the fact the theory is invariant under the sym-
metry. For example, if one possesses a lagrangian formulation, this last statement
means that the action and the functional integral measure are invariant under such
a symmetry. Notice that in this analysis there is no need for δ to be a nilpotent
transformation as is typically the case in topological quantum field theories. In
fact, we will find in sect. 3 some kind of topological matter which possesses an
operator Q which is not nilpotent. Its origin from the point of view of twisting
N = 2 supersymmetry corresponds to the fact that the N = 2 supersymmetric
model possesses central charges. In general, twisting N = 2 theories with central
charges will provide realizations of topological quantum field theories with Q2 6= 0.
We will consider the symmetry (2.11) as the one generated by Q in the topo-
logical algebra (2.6). Notice that this is consistent with (2.12). Although (2.12) is
stronger than {Q,Gµ} = Pµ, we will find that in the models obtained after twisting
N = 2 supersymmetry (2.12) holds at least on-shell. Condition (2.11) implies that
10
the physical states of the theory, i.e., the ones associated to topological invariants
must satisfy,
Q|Ψ〉 = 0. (2.14)
Two states which differ by a Q-exact state must be identified since from (2.6) one
has Q2 = 0. In other words, physical states correspond to cohomology classes of
Q. Once we have a state satisfying (2.14) we may use the operator Gµ to create
its partners. The simplest partner consists of
∫
γ1
Gµ|Ψ〉 (2.15)
where γ1 is a 1-cycle. One can easily verify using (2.6) that this new state satisfies
(2.14):
Q
∫
γ1
Gµ|Ψ〉 =
∫
γ1
{Q,Gµ}|Ψ〉 =
∫
γ1
Pµ|Ψ〉 = 0. (2.16)
Similarly, one may construct other invariants tensoring n operators Gµ and inte-
grating over n-cycles γn: ∫
γn
Gµ1Gµ2 ...Gµn |Ψ〉. (2.17)
Notice that since the operator Gµ is odd the integrand in this expression is an n-
form. It is straightforward to prove that these states also satisfy condition (2.14).
Therefore, starting with a state |Ψ〉 ∈ KerQ we have built a set of partners or
descendants constructing a topological multiplet. The members of a multiplet have
well defined “ghost” number. If one assigns ghost number −1 to the operator Gµ
the state in (2.17) has ghost number −n plus the ghost number of |Ψ〉. Of course, n
is bounded by the dimension of the manifoldM. Among the states constructed in
this way there may be many which are related via another state which is Q-exact,
i.e., which can be written as Q acting on some other state. Let us try to single out
representatives at each level of ghost number in a given topological multiplet.
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Consider an (n− 1)-cycle which is the boundary of an n-dimensional surface,
γn−1 = ∂Sn. If one tried to build a state taking such a cycle one would have
(Pµ = ∂µ),∫
γn−1
Gµ1Gµ2 ...Gµn−1 |Ψ〉 =
∫
Sn
P[µ1Gµ2Gµ3 ...Gµn]|Ψ〉 = Q
∫
Sn
Gµ1Gµ2 ...Gµn |Ψ〉,
(2.18)
i.e., it is Q-exact. The symbols [ ] in (2.18) indicate that all indices between them
must by antisymmetrized. In (2.18) use has been made of (2.6). This result tells us
that the representatives we are looking for are built out of the homology cycles of
the manifoldM. Given a manifoldM, the homology cycles are equivalence classes
among cycles, the equivalence relation being that two n-cycles are equivalent if they
differ by a cycle which is the boundary of an n+1 surface. Thus, knowledge on the
homology of the manifold on which the TQFT is defined allows us to classify the
representatives among the operators (2.17). Let us assume that M has dimension
d and that its homology cycles are γin , in = 1, ..., dn, n = 1, ..., d, being dn the
dimension of the n-homology group. Then, the non-trivial partners or descendants
of a given |Ψ〉 “highest-ghost-number” state are labeled in the following way:
∫
γin
Gµ1Gµ2 ...Gµn |Ψ〉, in = 1, ..., dn, n = 1, ..., d. (2.19)
A similar construction to the one just described can be made for fields. Starting
with a field φ(x) which satisfies,
[Q, φ(x)] = 0 (2.20)
one can construct other fields using the operators Gµ. These fields, which we will
call partners or descendants are antisymmetric tensors defined as,
φ
(n)
µ1µ2...µn(x) =
1
n!
[Gµ1 , [Gµ2...[Gµn , φ(x)}...}}, n = 1, ..., d. (2.21)
Using (2.6) and (2.20) one finds that these fields satisfy the so-called “topological
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descent equations”:
dφ(n) = [Q, φ(n+1)} (2.22)
where the subindices of the forms has been suppressed for simplicity, and the
highest-ghost-number field φ(x) has been denoted as φ(0)(x). These equations
enclose all the relevant properties of the observables which are constructed out of
them. As we will see in subsequent sections these equations are very useful to
build the observables of the theory. Let us consider an n-cycle and the following
quantity:
W
(γn)
φ =
∫
γn
φ(n). (2.23)
The subindex of this quantity denotes the highest-ghost-number state out of which
the form φ(n) is generated. The superindex denotes the order of such a form as
well as the cycle which is utilized in the integration. Using the topological descent
equations (2.22) it is immediate to prove that W
(γn)
φ is indeed an observable
[Q,W
(γn)
φ } =
∫
γn
[Q, φ(n)} =
∫
γn
dφ(n−1) = 0. (2.24)
Furthermore, if γn is a trivial homology cycle, γn = ∂Sn+1, one obtains that W
(γn)
φ
is Q-exact,
W
(γn)
φ =
∫
γn
φ(n) =
∫
Sn+1
dφ(n) =
∫
Sn+1
[Q, φ(n+1)} = [Q,
∫
Sn+1
φ(n+1)}, (2.25)
and therefore its vacuum expectation value vanishes. Thus, similarly to the pre-
vious analysis leading to (2.19) the observables of the theory are operators of the
form (2.23):
W
(γin)
φ , in = 1, ..., dn, n = 1, ..., d, (2.26)
where, as before, dn denote the dimension of the n-homology group. Of course,
these observables are a basis of observables but one can consider arbitrary products
of them leading to new ones.
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The main goal of this paper is to apply the twisting procedure just described
to some N = 2 supersymmetric matter. We will analyze the two basic N = 2
supersymmetric multiplets, the chiral (antichiral) multiplet, and the twisted (not
to be confused with the twisting just explained regarding the construction of TQFT
out of N = 2 supersymmetric theories) chiral (twisted antichiral) multiplet. These
multiplets are better described if one starts with its definition in N = 2 superspace.
Let us therefore consider N = 2 superspace on which one has superspace covariant
derivatives Dαa satisfying the following algebra:
{D+,+ , D+,−} = 2∂z,
{D−,− , D−,+} = 2∂z¯,
(2.27)
while all other anticommutators among the Dαa vanish.
The two basic N = 2 multiplets are described by a scalar N = 2 superfield Φ
satisfying the following relations:
D+,−Φ = D−,−Φ = 0, chiral,
D+,−Φ = D−,+Φ = 0, twisted chiral.
(2.28)
Of course, there exist also the antichiral and the twisted antichiral versions of these
multiplets,
D+,+Φˆ = D−,+Φˆ = 0, antichiral,
D+,+Φˆ = D−,−Φˆ = 0, twisted antichiral.
(2.29)
The two kinds of multiplets that we are going to treat lead, after twisting, to
two different types of TQFT. They have different content and they allow different
potential terms. We will refer to them as type A and type B topological matter.
They will be described in the following sections.
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3. Type A Topological Matter
In this section we will carry out the construction of theories involving topolog-
ical matter of type A. We will describe this construction in full detail for this type
of topological matter. The procedure concerning other types of topological matter
is similar. In the next section we will concentrate mainly on the results concerning
type B topological matter.
Let us consider a collection of chiral superfields XI and the corresponding set
of antichiral superfields X I¯ , (I, I¯ = 1, ..., d),
Dα,−XI = 0, Dα,+X I¯ = 0. (3.1)
We will consider actions in N = 2 superspace that involve these sets of fields
containing a non-chiral kinetic term (sometimes called D-term) and a chiral super-
potential term (sometimes called F-term). The action takes the form,
S =
∫
d2zd4θK(XI , X I¯) +
∫
d2z
(
d2θW (XI) + d̂2θW¯ (X I¯)
)
, (3.2)
The quantities XI , X I¯ can be thought of as coordinates of a 2d-dimensional Kahler
manifold M where K is the Kahler potential. In this sense, the superpotential
W (XI) (W¯ (X I¯)) can be thought of as a holomorphic (antiholomorphic) scalar
function on such a manifold.
The odd parts of the measure in both terms of the action are such that when
projecting into components,
d4θ → D−,+D+,+D−,−D+,−,
d2θ → D+,+D−,+,
d̂2θ → D−,−D+,−.
(3.3)
This indicates that when twisting to obtain the corresponding TQFT we can not
allow the superpotential term since the measure is not Lorentz invariant respect
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to the new Lorentz generator J˜ . Recall from (2.2) that J˜ is such that while D−,+
behaves as a scalar, D+,+ behaves as the component of a vector. Therefore, we may
have only the D-term for the case of type A topological matter. As we will discuss
in sect. 4, for the case of type B topological matter this kind of term is allowed
and one is able to build a TQFT containing potential terms. This is not however
the end of the story regarding potential terms for type A topological matter. It
is well known that there are some N = 2 supersymmetric matter models which
contain potential terms and are such that they can not be derived from an N = 2
superspace formulation [27]. One may wonder if starting from those models one
can construct additional TQFT. In particular, if those models are able to provide
potential terms for type A topological matter. In [32] we have answered this
question. It turns out that indeed, those models provide potential terms for type
A topological matter but do not add any additional structure for the case of type B.
Notice also that the F-term in (3.2) breaks R-symmetry. However, since we are not
allowed to have that term in the topological model, R-invariance will be present.
As we will discuss below, both type A and type B topological matter possess R-
symmetry. R-invariance must be a feature of all TQFT which are constructed by
twisting a Lorentz invariant supersymmetric theory since R = J˜ − J and in that
case both Lorentz symmetries are preserved. At the end of this section we will
make a brief summary of the results obtained in [32] for potential terms in type A
topological matter. For the moment, however, we will restrict ourselves to consider
the model (3.2) without F-term.
Let us define component fields in the following way,
XI | = xI ,
D+,+X
I | = ψI+,+,
D−,+XI | = ψI−,+,
D−,+D+,+XI | = F I−+,++,
X I¯ | = xI¯ ,
D+,−X I¯ | = ψI¯+,−,
D−,−X I¯ | = ψI¯−,−,
D+,−D−,−X I¯ | = F I¯+−,−−.
(3.4)
Before proceeding with the twisting to obtain the corresponding TQFT let us
work out the supersymmetry transformations of the component fields. This will
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be very useful because it will allow us to determine the transformations under
the symmetries of the topological algebra (2.6) and (2.7). The supersymmetry
transformations are easily obtained taking into account that for anN = 2 superfield
such a transformation takes the form,
δΦ = ηαaQαaΦ, (3.5)
where ηαa is a constant N = 2 supersymmetry parameter. Taking components in
this transformation law and using the definitions (3.4) one finds,
δxI = η+,+ψI+,+ + η
−,+ψI−,+,
δψI+,+ = η
−,+F I−+,++ + 2η
+,−∂zxI ,
δψI−,+ = −η+,+F I−+,++ + 2η−,−∂z¯xI ,
δF I−+,++ = 2η
−,−∂z¯ψI+,+ − 2η+,−∂zψI−,+,
δxI¯ = η−,−ψI¯−,− + η
+,−ψI¯+,−,
δψI¯−,− = η
+,−F I¯+−,−− + 2η
−,+∂z¯xI¯ ,
δψI¯+,− = −η−,−F I¯−+,−− + 2η+,+∂zxI¯ ,
δF I¯+−,−− = 2η
+,+∂zψ
I¯
−,− − 2η−,+∂z¯ψI¯+,−.
(3.6)
The transformations under the R-symmetry in (2.1) are obvious from the SO(2)
indices carried out by the fields.
After this detailed description of the N = 2 supersymmetric model we are
ready to carry out the twist. Under the new Lorentz generator J˜ in (2.2) the
Lorentz structure of each of the fields is simple to find out since one just have to
think of the indices as all belonging to the same SO(2). To make manifest the new
Lorentz structure we will make the following definitions:
χI = ψI−,+,
χI¯ = ψI¯+,−,
ρIz = ψ
I
+,+,
ρI¯z¯ = ψ
I¯
−,−,
F Iz = F
I
−+,++,
F I¯z¯ = F
I¯
+−,−−.
(3.7)
After these definitions theR-transformations of the fields are not manifest anymore.
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Let us summarize them here:
[R, xI ] = 0,
[R, χI ] =
1
2
χI ,
[R, ρIz ] =
1
2
ρIz ,
[R,F Iz ] = F
I
z ,
[R, xI¯ ] = 0,
[R, χI¯ ] = −1
2
χI¯ ,
[R, ρI¯z¯ ] = −
1
2
ρI¯z¯ ,
[R,F I¯z¯ ] = −F I¯z¯ .
(3.8)
Ghost numbers for the fields (3.7) are easily obtained from the projections (3.4)
and the fact that the ghost numbers of the superspace covariant derivatives are the
same as the ones of the corresponding supersymmetry generators (2.8). Assuming
that the superfields XI , X I¯ have ghost number 0, one finds,
[F, xI ] = 0,
[F, χI ] = χI ,
[F, ρIz ] = −ρIz ,
[F, F Iz ] = 0,
[F, xI¯ ] = 0,
[F, χI¯ ] = χI¯ ,
[F, ρI¯z¯] = −ρI¯z¯ ,
[F, F I¯z¯ ] = 0.
(3.9)
The transformations of the fields under the generators Q, M and Gµ of the
topological algebra (2.6) follow from (3.6):
[Q, xI ] = χI ,
[M,xI ] = −χI ,
[Gz, x
I ] =
1
2
ρIz ,
[Gz¯, x
I ] = 0,
[Q, xI¯ ] = χI¯ ,
[M,xI¯ ] = χI¯ ,
[Gz, x
I¯ ] = 0,
[Gz¯, x
I¯ ] =
1
2
ρI¯z¯ ,
(3.10)
{Q, χI} = 0,
{M,χI} = 0,
{Gz, χI} = −1
2
F Iz ,
{Gz¯, χI} = ∂z¯xI ,
{Q, χI¯} = 0,
{M,χI¯} = 0,
{Gz, χI¯} = ∂zxI¯ ,
{Gz¯, χI¯} = −1
2
F I¯z¯ ,
(3.11)
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{Q, ρIz} = 2∂zxI + F Iz ,
{M, ρIz} = 2∂zxI − F Iz ,
{Gz, ρIz} = 0,
{Gz¯, ρIz} = 0,
{Q, ρI¯z¯} = 2∂z¯xI¯ + F I¯z¯ ,
{M, ρI¯z¯} = −2∂z¯xI¯ + F I¯z¯ ,
{Gz, ρI¯z¯} = 0,
{Gz¯, ρI¯z¯} = 0,
(3.12)
[Q,F Iz ] = −2∂zχI ,
[M,F Iz ] = −2∂zχI ,
[Gz, F
I
z ] = 0,
[Gz¯, F
I
z ] = ∂z¯ρ
I
z ,
[Q,F I¯z¯ ] = −2∂z¯χI¯ ,
[M,F I¯z¯ ] = 2∂z¯χ
I¯ ,
[Gz, F
I¯
z¯ ] = ∂zρ
I¯
z¯ ,
[Gz¯, F
I¯
z¯ ] = 0.
(3.13)
Let us write the action corresponding to type A topological matter in terms of
the fields defined in (3.7),
S =
∫
d2z
[
GIJ¯
(− F Iz F J¯z¯ − 2ρIzDz¯χJ¯ − 2ρJ¯z¯DzχI + 4∂zxI∂z¯xJ¯)
+ ∂K∂L¯GIJ¯ρ
K
z ρ
L¯
z¯ χ
IχJ¯ − ∂KGIJ¯χIF J¯z¯ ρKz − ∂K¯GIJ¯χK¯F Iz ρJ¯z¯
]
,
(3.14)
where GIJ¯ is the metric of the Kahler manifold M ,
GIJ¯ =
∂2K
∂xI∂xJ¯
, (3.15)
and Dµ represents a covariant derivative on sections of the pull-back of the tangent
bundle,
Dµχ
I = ∂µχ
I + (∂µx
J )ΓIJKχ
K , (3.16)
being ΓIJK the Christoffel connection defined in (A22). Of course, the fields ρ
I
µ, ρ
I¯
µ,
F Iµ and F
I¯
µ entering (3.14) satisfy the selfduality and anti-selfduality conditions,
ρIµ = −iǫµνρIν , ρI¯µ = iǫµνρI¯ν ,
F Iµ = −iǫµνF Iν , F I¯µ = iǫµνF I¯ν ,
(3.17)
where ǫµ
ν is such that ǫz
z = −ǫz¯ z¯ = i.
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The action (3.14) possesses non-covariant looking terms which can be reorga-
nized into covariant looking ones performing a redefinition of the auxiliary fields
F Iµ and F
I¯
µ in such a way that all dependence on them becomes gaussian. This is
indeed the first step to carry out when integrating out those fields. Let us define:
F˜ Iz =F
I
z + Γ
I
KJχ
JρKz ,
F˜ I¯z¯ =F
I¯
z¯ + Γ
I¯
K¯J¯
χJ¯ρK¯z¯ .
(3.18)
The action (3.14) becomes,
S =
∫
d2z
[
GIJ¯
(
4∂zx
I∂z¯x
J¯ −2ρIzDz¯χJ¯ −2ρJ¯z¯DzχI − F˜ Iz F˜ J¯z¯
)
+RI¯JK¯Lρ
I¯
z¯ρ
J
zχ
K¯χL
]
.
(3.19)
Notice the presence of a quartic term involving the curvature of the Kahler
manifold. The redefinition of auxiliary fields modifies the symmetry transforma-
tions since they must be written in terms of the new fields. Let us write down, for
example, the form of the Q-transformations,
[Q, xI ] = χI ,
{Q, χI} = 0,
{Q, ρIz} = F˜ Iz + 2∂zxI − ΓIJKχJρKz ,
[Q, F˜ Iz ] = −2DzχI − ΓIJKχJ F˜Kz − RIKJ¯LχKχJ¯ρLz ,
[Q, xI¯ ] = χI¯ ,
{Q, χI¯} = 0,
{Q, ρI¯z¯} = F˜ I¯z¯ + 2∂z¯xI¯ − ΓI¯J¯K¯χJ¯ρK¯z¯ ,
[Q, F˜ I¯z¯ ] = −2Dz¯χI¯ − ΓI¯J¯K¯χJ¯ F˜ K¯z¯ +RI¯ J¯LK¯χLχJ¯ρK¯z¯ .
(3.20)
Certainly, by construction, these transformations are such that Q2 = 0. Notice
that according to (3.8) and the definition (3.18) the R-transformations of the new
auxiliary fields take the same form as the old ones.
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So far we have considered the theory on a flat two-dimensional space. To
analyze its topological character we must now place the theory on an arbitrary
curved two-dimensional manifold Σ and verify that it is still Q-invariant and that
its energy-momentum tensor is Q-exact. On an arbitrary two-dimensional manifold
endowed with a metric gµν the action (3.19) takes the form:
S =
∫
Σ
d2z
√
g
[
GIJ¯
(
gµν∂µx
I∂νx
J¯ +
iǫµν√
g
∂µx
I∂νx
J¯ − gµνρIµDνχJ¯
− gµνρJ¯µDνχI −
1
2
gµνF˜ Iµ F˜
J¯
ν
)
+
1
2
gµνRI¯JK¯Lρ
I¯
µρ
J
νχ
K¯χL
]
.
(3.21)
One can indeed verify that this action is invariant under the covariantized form
of the Q-transformations (3.20),
[Q, xI ] = χI ,
{Q, χI} = 0,
{Q, ρIµ} = F˜ Iµ + (δνµ −
iǫµ
ν
√
g
)∂νx
I − ΓIJKχJρKµ ,
[Q, F˜ Iµ ] = −(δνµ −
iǫµ
ν
√
g
)Dνχ
I − ΓIJKχJ F˜Kµ −RIKJ¯LχKχJ¯ρLµ ,
[Q, xI¯ ] = χI¯ ,
{Q, χI¯} = 0,
{Q, ρI¯µ} = F˜ I¯µ + (δνµ +
iǫµ
ν
√
g
)∂νx
I¯ − ΓI¯
J¯K¯
χJ¯ρK¯µ ,
[Q, F˜ I¯µ ] = −(δνµ +
iǫµ
ν
√
g
)Dνχ
I¯ − ΓI¯
J¯K¯
χJ¯ F˜ K¯µ +R
I¯
J¯LK¯χ
LχJ¯ρK¯µ .
(3.22)
Notice that the selfduality and anti-selfduality conditions (3.17) now take the form,
ρIµ = −i
ǫµ
ν
√
g
ρIν ,
F Iµ = −i
ǫµ
ν
√
g
F Iν ,
ρI¯µ = i
ǫµ
ν
√
g
ρI¯ν ,
F I¯µ = i
ǫµ
ν
√
g
F I¯ν .
(3.23)
The crucial test for the model that we have constructed being topological is the
verification of the Q-invariance of the action. It turns out that (3.21) is indeed
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invariant under the symmetry transformations generated by Q and M but it is not
invariant under the one generated by Gµ. The invariance under Q plus the fact that
the energy-momentum tensor can be written as a Q-transformation, guarantees
that the model just constructed is a TQFT. Certainly, besides reparametrizations,
the other symmetries of the theory when considered on curved space are the R
and M symmetries. The R-transformations are the ones given in (3.8). The
transformations under M follow directly from the relation in (2.7), M = −2[R,Q].
Notice that Q ± M generate independent nilpotent symmetries for holomorphic
and antiholomorphic modes. Recall that according to (2.5) they correspond to QL
and QR, i.e., QL =
1
2(Q+M) and QR =
1
2(Q−M).
The construction that we have carried out guarantees that the action of the
theory is Q-exact. In order to have a TQFT we must check if a stronger condition
holds, namely, we must verify that the energy-momentum tensor is Q-exact. As
we will prove now we have a much stronger result for these models of type A
topological matter. It turns out that the action itself is Q-exact. It is simple to
demonstrate that,
S =
{
Q,−1
2
∫
Σ
d2z
√
ggµνGIJ¯
[1
2
ρIµF˜
J¯
ν +
1
2
ρJ¯µF˜
I
ν − (ρIµ∂νxJ¯ + ρJ¯µ∂νxI)
]}
, (3.24)
and therefore the theory is certainly topological since this implies that the energy-
momentum is also Q-exact.
Once we have succeeded in the formulation of this topological quantum field
theory by twisting N = 2 supersymmetry we may ask if it can be generalized.
All along our discussion the target space manifold M was required to be Kahler.
Indeed, it is well known that N = 2 supersymmetry requires a Kahler manifold.
However, after the twisting, one may ask if this condition can be relaxed. Certainly,
a field theory realization of the part of the topological algebra (2.6) which does not
involve Gµ does not impose very restrictive conditions. The existence of a nilpotent
operator Q is much weaker than the realization of the supersymmetry algebra in
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which the anticommutator of two supersymmetric charges must correspond to a
vector operator. Thus in what regards to the Q symmetry one could expect a
more general framework. The realization of the rest of the algebra (2.6) is only
important when coupling this type of matter to topological gravity. We will discuss
that issue in sect. 5.
Topological sigma models as formulated by Witten [30] do indeed exist for
almost Hermitian manifolds. Let us build its formulation from the one we have
obtained for Kahler manifolds. Since we are going to relax the Kahler condition on
M we should first rewrite the theory changing the holomorphic (antiholomorphic)
notation in target space indices by introducing a complex structure J ij , i, j =
1, ..., 2d,. For the case of a Kahler manifold this complex structure can be written
locally as: JIJ = −iδIJ , I, J = 1, ..., d; J I¯ J¯ = iδI¯J¯ , I¯ , J¯ = d+1, ..., 2d; J I¯ J = JJ I¯ =
0, I¯ = d+1, ..., 2d, J = 1, ..., d. Notice that J ikJ
k
j = −δij . Thus, the action (3.21)
takes the form,
S =
∫
Σ
d2z
√
g
[1
2
Gijg
µν∂µx
i∂νx
j +
1
2
εµνJij∂µx
i∂νx
j −GijgµνρiµDνχj
− 1
4
Gijg
µνF˜ iµF˜
j
ν +
1
8
gµνRijkmρ
i
µρ
j
νχ
kχm
]
,
(3.25)
and the selfduality and anti-selfduality conditions (3.23) become,
ρiµ = εµ
νJ ijρ
j
ν , F˜
i
µ = εµ
νJ ijF˜
j
ν . (3.26)
In (3.25) and (3.26) we have introduced the tensor,
εµν =
ǫµν√
g
. (3.27)
So far we have only rewritten the action of type A topological matter in com-
pact notation with the help of a covariantly constant structure. Let us know release
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this condition. Assume that the only requirements satisfied by J ij are
J ikJ
k
j = −δij , J ikJjmGij = Gkm, (3.28)
i.e., J ij is an almost-Hermitian structure. Notice that in a Kahler manifold in
addition to (3.28) the condition DkJ
i
j = 0 is satisfied. Witten showed that the Q
transformations of the theory can be generalized from the ones in (3.22) in such a
way that the action (3.25) is Q-invariant. Furthermore, this generalization is such
that the nilpotency of Q holds. Actually, it is rather simple to obtain the form of
these Q-transformation from the ones given in (3.22). First, let us rewrite (3.22)
in a compact form,
[Q, xi] = χi,
{Q, χi} = 0,
{Q, ρiµ} = F˜ iµ + (δνµδij + εµνJ ij)∂νxj − Γijkχjρkµ,
[Q, F˜ iµ] = −(δνµδij + εµνJ ij)Dνχj − ΓijkχjF˜ kµ +
1
2
Rikjmχ
kχjρmµ .
(3.29)
Certainly, the action (3.25) is invariant under these transformations when the man-
ifold is Kahler. In addition, for such a case, the transformations are nilpotent.
However, if the condition DkJ
i
j = 0 is released none of the facts holds. One must
modify the transformations to achieve invariance and nilpotency. The procedure
to carry this out is simple. First, we will redefine the transformation in such a way
that Q is nilpotent. Then, since the action was Q-exact for the Kahler case, one
may just take the compact version of (3.24) with the new form of Q. To redefine
the transformations (3.29), notice that the first two does not have to be modified.
The Q-transformation of ρiµ, however, has to be modified in such a way that the
selfduality condition (2.11) is maintained under the Q-transformation. It turns out
that this is simple to achieve by just adding a term of the form εµ
νχkρ
j
σDkJ
i
j .
Once this is obtained one fixes the transformation of F˜ iµ in such a way that Q on
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ρiµ is nilpotent. This leads to the following new set of transformations:
[Q, xi] =χi,
{Q, χi} =0,
{Q, ρiµ} =F˜ iµ + ∂µxi + εµνJ ij∂νxj − Γijkχjρkµ +
1
2
εµ
νχkρjνDkJ
i
j ,
[Q, F˜ iµ] =−Dµχi − εµνJ ijDνχj − ΓijkχjF˜ kµ +
1
2
Rmj
i
kχ
mχjρkµ
− 1
2
εµ
νχmχkρjνDmDkJ
i
j − 1
2
εµ
ν(DkJ
i
j)χ
k(∂νx
j − ενγJjm∂γxm)
− 1
4
χkχmρnµ(DkJ
i
j)(DmJ
j
n) +
1
2
εµ
νχkF˜ jνDkJ
i
j .
(3.30)
The crucial test for the validity of the construction resides on the fact that Q is
also nilpotent on F˜ iµ. It is not obvious from (3.30) that this is going to hold but an
explicit computation shows that, remarkably, it is true. This fact was discovered
by Witten in [30].
We have shown that the form of type A topological matter obtained after
twisting N = 2 chiral multiplets can be generalized to the case of almost Hermitian
manifolds. The analysis of observables of this theory was carried out in [30]. We
will not discuss it here since our aim was to find out which kind of supersymmetric
matter leads to Witten’s topological sigma models. This analysis will provide the
adequate framework to carry out the coupling of this type of matter to topological
gravity. This will be discussed in sect. 5.
So far we have not been able to introduce potential terms for type A topo-
logical matter. As we discussed at the beginning of this section, F-terms are not
allowed for the chiral multiplet since they lead to actions which are not Lorentz
invariant. There exists, however, some N = 2 supersymmetric models which can
not be written in the form (3.2) and contain potential terms [27]. The twisting
of these models has been recently carried out [32] and it turns out that they pro-
vide potential terms for type A topological matter for the case in which the target
manifold M possesses some isometries. In particular, the potential terms involve
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the Killing vectors associated to those isometries. Let us briefly review the results
obtained in [32]. The analysis presented in this paper clarifies the origin of eq. (2)
in [32], which might have seemed somehow obscure in that context. The action
presented there is just the twisted version of the general N = 2 supersymmetric
action obtained in [27] with F-terms set to zero. It turns out that regarding the
N = 2 supersymmetric multiplet as a chiral multiplet, F-terms lead to non-Lorentz
invariant expressions while terms involving Killing vectors are permitted. The op-
posite occurs if one regards the N = 2 supersymmetric multiplet as twisted chiral.
In components fields, as it is the case of the construction given in [27], one may
have one or the other multiplet depending on the R-charges which are assigned
to each of the members of the multiplet. In this construction, nothing guarantees
that the action that one obtains after the twisting can be generalized to the almost
Hermitian case since the construction in [27] assumes a Kahler manifold with some
isometries. As shown in [32] it turns out that, indeed, it can be generalized to that
case proceeding in a similar way as in the case just described without potential
terms. Actually, in the process one finds a small surprise. The N = 2 model under
consideration in [27] possesses central charges. This implies that Q is not nilpotent
any more. As shown in the previous section, there is no need for Q to be nilpotent
to have a topological quantum field theory. The only requirement is a Q invariant
action and an energy-momentum tensor which is Q-exact. The model presented
in [32] is such that Q2 is not zero but just a Lie derivative respect to some Killing
vector fields. We will summarize here the results presented in [32].
Let us consider an almost Hermitian manifold which possess two Killing vector
fields Vi and Ui which satisfy
DiVj +DjVi = 0,
DiUj +DjUi = 0,
V j∂jU
i − U j∂jV i = 0.
V k∂kJ
i
n + J
i
k∂nV
k − Jkn∂kV i = 0,
Uk∂kJ
i
n + J
i
k∂nU
k − Jkn∂kU i = 0,
(3.31)
These conditions are rather natural. They represent the requirement that the
metric and complex structure remain invariant under a variation along the Killing
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vector fields. The most general action for type A topological matter takes the form:
S =
{
Q,
∫
Σ
√
g
[1
2
gµνGijρ
i
µ(∂νx
j − 1
2
F˜ jν ) + λ
2Gij(V
i + U i)χj
]}
=
∫
Σ
√
g
[1
2
Gijg
µν∂µx
i∂νx
j +
1
2
εµνJij∂µx
i∂νx
j
− gµνGijρiµ
(
Dνχ
j +
1
2
(DkJi
j)χkεν
σ∂σx
i
)
− 1
4
gµν
(
GijF˜
i
µF˜
j
ν −
1
2
Rijkmρ
i
µρ
j
νχ
kχm +
1
4
(DkJip)(DmJ
p
j)ρ
i
µρ
j
νχ
kχm
)
+ λ2Gij(V
iV j − U iU j) + λ2χiχjDi(Vj + Uj)− 1
4
gµνρiµρ
j
νDi(Vj − Uj)
]
.
(3.32)
The Q-transformations which leave this action invariant are the following,
[Q, xi] =χi,
{Q, χi} =(V i − U i),
{Q, ρiµ} =F˜ iµ + ∂µxi + εµνJ ij∂νxj − Γijkχjρkµ +
1
2
εµ
νχkρjνDkJ
i
j ,
[Q, F˜ iµ] =−Dµχi − εµνJ ijDνχj − ΓijkχjF˜ kµ +
1
2
Rmj
i
kχ
mχjρkµ
− 1
2
εµ
νχmχkρjνDmDkJ
i
j − 1
2
εµ
ν(DkJ
i
j)χ
k(∂νx
j − ενσJjm∂σxm)
− 1
4
χkχmρnµ(DkJ
i
j)(DmJ
j
n) +
1
2
εµ
νχkF˜ jνDkJ
i
j
+Dk(V
i − U i)ρkµ −
1
2
εµ
ν(V k − Uk)ρjνDkJ ij .
(3.33)
Form these transformation one can easily verify that, indeed, Q2 does not vanish.
It has the following action on the fields of the theory:
[Q2, xi] =V i − U i,
[Q2, χi] =∂j(V
i − U i)χj ,
[Q2, ρiµ] =∂j(V
i − U i)ρjµ,
[Q2, F˜ iµ] =∂j(V
i − U i)F˜ jµ,
(3.34)
which just amounts to a Lie derivative respect to the Killing vector field V i − U i.
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The analysis of the observables of this theory was carried out in [32]. They
turn out to be the same as in the standard topological sigma models [30] with the
additional condition that the forms on M involved are orthogonal to the difference
of the Killing vector fields V i − U i. Explicit computations of some observables
were presented in [32]. For example, it was shown there that the partition function
for the case in which the two-dimensional manifold Σ corresponds to the torus is
just the Euler number of the target manifold M . This topological invariant was
obtained as the number of singular points of the Killing vector field.
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4. Type B Topological Matter
The construction carried out in the previous section can be followed to build
theories involving topological matter of type B. We will briefly describe here the
steps involved in this construction. Our starting point is a collection of twisted
chiral superfields XI and twisted antichiral superfields X I¯ , (I, I¯ = 1, ..., d),
D+,−XI = 0,
D+,+X
I¯ = 0,
D−,+XI = 0,
D−,−X I¯ = 0.
(4.1)
As in the previous case, our starting superspace action is (3.2). However, due to
conditions (4.1) , the odd part of the measure corresponding to the F-term now
takes the following form,
d2θ → D+,+D−,−,
d̂2θ → D−,+D+,−.
(4.2)
These measures are certainly invariant under the new Lorentz generator J˜ . This
means that when twisting to obtain the corresponding TQFT we will have the
superpotential term. This is a remarkable difference respect to the case of type A
topological matter, where such terms were not allowed. Note on the other hand
that, as announced, R-symmetry is preserved.
The next step in the construction is to define component fields and redefine
them as in (3.7) to make manifest their Lorentz structure respect to the new Lorentz
generator, J˜ , resulting after the twist. We define,
XI | = xI ,
D+,+X
I | = ρIz ,
D−,−XI | = ρIz¯ ,
D+,+D−,−XI | = F I ,
X I¯ | = xI¯ ,
D+,−X I¯ | = χI¯ ,
D−,+X I¯ | = χ¯I¯ ,
D−,+D+,−X I¯ | = F I¯ ,
(4.3)
Notice that, contrary to the case of type A topological matter, the field ρIz¯ is not
selfdual while the auxiliary fields F I and F I¯ are scalars. The R-transformations
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of the fields appearing on the right hand side of (4.3) are not manifiest any more.
Let us collect them here for later convenience,
[R, xI ] = 0,
[R, ρIz ] =
1
2
ρIz ,
[R, ρIz¯ ] = −
1
2
ρIz¯ ,
[R,F I ] = 0.
[R, xI¯ ] = 0,
[R, χI¯ ] = −1
2
χI¯ ,
[R, χ¯I¯ ] =
1
2
χ¯I¯ ,
[R,F I¯ ] = 0.
(4.4)
The transformations of the fields under the generators Q, M and Gµ of the
topological algebra are easily obtained from (4.3) and the form of the N = 2
supersymmetric transformations (3.5). They turn out to be,
[Q, xI ] = 0,
[M,xI ] = 0,
[Gz, x
I ] =
1
2
ρIz,
[Gz¯, x
I ] =
1
2
ρIz¯,
[Q, xI¯ ] = χI¯ + χ¯I¯ ,
[M,xI¯ ] = χI¯ − χ¯I¯ ,
[Gz, x
I¯ ] = 0,
[Gz¯, x
I¯ ] = 0,
(4.5)
{Q, ρIz} = 2∂zxI ,
{M, ρIz} = 2∂zxI ,
{Gz, ρIz} = 0,
{Gz¯, ρIz} = −
1
2
F I ,
{Q, ρIz¯} = 2∂z¯xI ,
{M, ρIz¯} = −2∂z¯xI ,
{Gz, ρIz¯} =
1
2
F I ,
{Gz¯, ρIz¯} = 0,
(4.6)
{Q, χI¯} = F I¯ ,
{M,χI¯} = −F I¯ ,
{Gz, χI¯} = ∂zxI¯ ,
{Gz¯, χI¯} = 0,
{Q, χ¯I¯} = −F I¯ ,
{M, χ¯I¯} = −F I¯ ,
{Gz, χ¯I¯} = 0,
{Gz¯, χ¯I¯} = ∂z¯xI¯ ,
(4.7)
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[Q,F I ] = 2∂zρ
I
z¯ − 2∂z¯ρIz,
[M,F I ] = 2∂zρ
I
z¯ + 2∂z¯ρ
I
z ,
[Gz, F
I ] = 0,
[Gz¯, F
I ] = 0,
[Q,F I¯ ] = 0,
[M,F I¯ ] = 0,
[Gz, F
I¯ ] = −∂zχ¯I¯ ,
[Gz¯, F
I¯ ] = ∂z¯χ
I¯ .
(4.8)
The action resulting from (3.2) after using the definitions (4.3) takes the fol-
lowing form,
S′ =
∫
d2z
[
GIJ¯
(
F IF J¯ + 2ρIzDz¯χ
J¯ + 2ρIz¯Dzχ¯
J¯ − 4∂z¯xI∂zxJ¯
)
+ ∂K∂L¯GIJ¯ χ¯
L¯ρKz ρ
I
z¯χ
J¯ + ∂KGIJ¯ρ
K
z ρ
I
z¯F
J¯ + ∂K¯GIJ¯ χ¯
K¯F IχJ¯
+ (∂J∂IW )ρ
J
z ρ
I
z¯ + (∂IW )F
I − (∂J¯∂I¯W¯ )χJ¯ χ¯I¯ + (∂I¯W¯ )F I¯
]
.
(4.9)
Notice the presence of potential terms in this action. For the moment we have
denoted this action by S′ since it will be convenient to redefine it by a global factor
later. We will reserve the symbol S for its final form. The auxiliary fields F I and
F I¯ can be integrated out in the usual way. Furthermore, as in the previous case,
this procedure makes the action manifiestly reparametrization invariant from the
point of view of Kahler geometry. We will reduce the dependence of the action on
F I and F I¯ to a simple quadratic term plus other terms involving the potentials W
and W¯ carrying out the following definition,
F˜ I =F I + ΓIJKρ
J
z ρ
K
z¯ ,
F˜ I¯ =F I¯ + ΓI¯
J¯K¯
χ¯J¯χK¯ ,
(4.10)
where ΓIJK and Γ
I¯
J¯K¯
are the Christoffel connections defined in (A22). The action
(4.9) becomes,
S′ =
∫
d2z
[
GIJ¯
(− 4∂z¯xI∂zxJ¯ + 2ρIzDz¯χJ¯ + 2ρIz¯Dzχ¯J¯ + F˜ IF˜ J¯)
+RIL¯KJ¯ρ
I
z¯χ¯
L¯ρKz χ
J¯ + (DI∂JW )ρ
I
zρ
J
z¯ + (∂IW )F˜
I
− (DI¯∂J¯W¯ )χI¯ χ¯J¯ + (∂I¯W¯ )F˜ I¯
]
.
(4.11)
So far we have carried out the twisting procedure. Now we are in the position
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of verifying if the theory is topological. To this end we must first place it on an
arbitrary two dimensional manifold, and verify that the action is Q-invariant and
the energy-momentum tensor is Q-exact. Let us therefore consider a Riemann
surface Σ endowed with a metric gµν . The covariantization of the action (4.11)
takes the form,
S′ =
∫
Σ
d2σ
√
g
[
GIJ¯
(− gµν∂µxI∂νxJ¯ + iεµν∂µxI∂νxJ¯ + 1
2
gµνρIµDν(χ
J¯ + χ¯J¯ )
+
i
2
εµνρIµDν(χ
J¯ − χ¯J¯ ) + F˜ IF˜ J¯)− i
4
εµνRIL¯KJ¯ρ
I
µχ¯
L¯ρKν χ
J¯
+ (∂IW )F˜
I − (DI¯∂J¯W¯ )χI¯ χ¯J¯ + (∂I¯W¯ )F˜ I¯ +
i
4
εµν(DI∂JW )ρ
I
µρ
J
ν
]
,
(4.12)
where we have used (3.27). Notice that this action has a minus sign in the term
−gµν∂µxI∂νxJ¯ as compared to (3.21). This is reminiscent of a well known fact in
N = 2 supersymmetry, where chiral and twisted chiral multiplets provide kinetic
terms with opposite signs [28]. If one identifies GIJ¯ with a positive definite metric
one should have to change the global sign of the whole action to have a bosonic
part leading to a convergent functional integral. Notice that although the bosonic
part of the action is not real, its imaginary part is a topological invariant. From
now on we will assume that GIJ¯ is positive definite and we will introduce a global
negative sign to the action (4.12). The resulting action turns out to be,
S =
∫
Σ
d2σ
√
g
[
GIJ¯
(
gµν∂µx
I∂νx
J¯ − iεµν∂µxI∂νxJ¯ − 1
2
gµνρIµDν(χ
J¯ + χ¯J¯)
− i
2
εµνρIµDν(χ
J¯ − χ¯J¯ )− F˜ I F˜ J¯)+ i
4
εµνRIL¯KJ¯ρ
I
µχ¯
L¯ρKν χ
J¯
− (∂IW )F˜ I + (DI¯∂J¯W¯ )χI¯ χ¯J¯ − (∂I¯W¯ )F˜ I¯ −
i
4
εµν(DI∂JW )ρ
I
µρ
J
ν
]
.
(4.13)
Taking into account the redefinitions (4.10), one easily derives the covariantized
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form of the Q-transformations of the fields,
[Q, xI ] = 0,
[Q, xI¯ ] = χI¯ + χ¯I¯ ,
{Q, ρIµ} = 2∂µxI ,
{Q, χI¯} = F˜ I¯ − ΓI¯
J¯K¯
χ¯J¯χK¯ ,
{Q, χ¯I¯} = −F˜ I¯ + ΓI¯
J¯K¯
χ¯J¯χK¯ ,
[Q, F˜ I ] = iεµν
[
Dµρ
I
ν +
1
4
RI
JT¯K
(χT¯ + χ¯T¯ )ρJµρ
K
ν
]
,
[Q, F˜ I¯ ] = ΓI¯
J¯K¯
F˜ J¯(χ¯K¯ + χK¯).
(4.14)
It is simple to verify that, indeed, the action is invariant under this set of transfor-
mations. Furthermore, similarly to the case of type A topological matter, one can
verify that the action is also invariant under M and R transformations. However,
it is not invariant under transformations generated by Gµ. Before carrying out
the analysis of the energy-momentum tensor one could ask if the action (4.13) is
Q-exact as in the previous case. The answer to this question is negative. Only
when the potential terms are not present the action is Q-exact. Let us set W = 0
in (4.13). It is simple to verify that the remaining action can be written as,
S|W=0 =
{
Q,
∫
Σ
d2σ
√
g
[
GIJ¯
(1
2
gµνρIµ∂νx
J¯ − i
2
εµνρIµ∂νx
J¯ − F˜ IχJ¯)]}. (4.15)
When potential terms are present, the action (4.13) is notQ-exact. A short analysis
shows that the transformations (4.14) can not generate a term like (∂IW )F˜
I as the
one present in the action (4.13). However, the requirement for the theory being
topological is just that the energy-momentum tensor be Q-exact. The energy-
momentum can be easily computed from the variation of the action (4.13) respect
to the two-dimensional metric. One finds:
Tµν =
1
2
(δσµδ
τ
ν + δ
τ
µδ
σ
ν )GIJ¯
(
∂σx
I∂τx
J¯ − 1
2
ρIσDτ (χ
J¯ + χ¯J¯)
)
− 1
2
gµν
[
GIJ¯
(
gστ
(
∂σx
I∂τx
J¯ − 1
2
ρIσDτ (χ
J¯ + χ¯J¯)
)− F˜ IF˜ J¯)
− ∂IWF˜ I − ∂I¯W¯ F˜ I¯ + (DI¯∂J¯W¯ )χI¯ χ¯J¯
]
.
(4.16)
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Notice that, again, one has the same problem as before since the term (∂IW )F˜
I is
present. Since the field F˜ I is the source of the problem and, on the other hand, it is
auxiliary, we will integrate it out. The price to pay in doing this is that the algebra
will not close off-shell, i.e., we will have Q2 = 0 modulo field equations. However,
if we succeed in proving that after integrating out the auxiliary field the energy-
momentum tensor of the theory is Q-exact we will have shown that the theory is
topological. The integration of the auxiliary field will give some dependence on the
two dimensional metric but this can be factorized and the rest must correspond to
a topological invariant. In other words, here is no need of an off-shell realization
for the theory being topological since the possible metric dependence originated
from the auxiliary fields can be factorized. Let us define,
Fˆ I = F˜ I +GIJ¯∂J¯W¯ Fˆ
I¯ = F˜ I¯ +GI¯J∂JW. (4.17)
The dependence of the action (4.13) on the auxiliary fields Fˆ I and Fˆ I¯ becomes
gaussian. The integration of the auxiliary fields Fˆ I and Fˆ I¯ gives a dependence on
the two dimensional metric which can be factorized from the functional integral.
For example, the integration of the constant auxiliary modes gives a factor which
is proportional to the volume of the two dimensional manifold to some power. The
resulting action turns out to be,
S =
∫
Σ
d2σ
√
g
[
GIJ¯
(
gµν∂µx
I∂νx
J¯ − iεµν∂µxI∂νxJ¯ − 1
2
gµνρIµDν(χ
J¯ + χ¯J¯)
− i
2
εµνρIµDν(χ
J¯ − χ¯J¯ ))+ i
4
εµνRIL¯KJ¯ρ
I
µχ¯
L¯ρKν χ
J¯
+GIJ¯(∂IW )∂J¯W¯ + (DI¯∂J¯W¯ )χ
I¯ χ¯J¯ − i
4
εµν(DI∂JW )ρ
I
µρ
J
ν
]
.
(4.18)
Now we have to check if the theory possess an energy-momentum tensor which
is Q-exact. After using (4.17) and setting F I = F I¯ = 0 (since they have been
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integrated out) the transformations (4.14) become,
[Q, xI ] = 0,
[Q, xI¯ ] = χI¯ + χ¯I¯ ,
{Q, ρIµ} = 2∂µxI ,
{Q, χI¯} = −GI¯J∂JW − ΓI¯J¯K¯χ¯J¯χK¯ ,
{Q, χ¯I¯} = GI¯J∂JW + ΓI¯J¯K¯χ¯J¯χK¯ .
(4.19)
Using these transformations one finds that the energy-momentum tensor corre-
sponding to the action (4.18) is Q-exact,
Tµν =
{
Q,
1
2
gµν
(
gστGIJ¯ρ
I
σ∂τx
J¯ − (χI¯ − χ¯I¯)∂I¯W¯
)
− 1
2
GIJ¯(ρ
I
µ∂νx
J¯ + ρIν∂µx
J¯ )
} (4.20)
For the case in which the target space is flat, the theory we have constructed was
first studied in [31].
The appearance of a topological quantum field theory where the Q-symmetry
is only realized on-shell is not new. A classical example where this also occurs
is topological Yang-Mills theory in four dimensions [33]. However, the theory we
have constructed possess a feature which is not present in topological Yang-Mills
theory in four dimensions. Namely, the action (4.18) is not Q-exact. In this sense
the theory we have constructed has also features of other classes of topological
quantum field theories as Chern-Simons theory in three dimensions [34].
Let us construct the observables corresponding to type B topological matter.
First we will build the ones corresponding to zero forms and then, we will use
(2.21) to obtain their descendants. This construction will show the usefulness of
the operator Gµ in dealing with observables. From the Q-transformations of the
fields (4.19) follows trivially that any function which depends only on xI and not
on xI¯ , i.e., holomorphic from the point of view of the target space, is Q-invariant
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and therefore an observable. Then, in the notation used in (2.21) and (2.22), we
have
φ(0) = A(xI). (4.21)
Using the operator Gµ, whose action on the fields is given in (4.5), (4.6), (4.7) and
(4.8), one finds,
φ
(1)
µ =[Gµ, φ
(0)] =
1
2
∂IAρ
I
µ,
φ
(2)
µν =
1
2
{Gµ, φ(1)ν } = 1
8
DJ∂IAρ
J
µρ
I
ν −
i
4
εµν∂IA(Fˆ
I − ∂IW¯ ).
(4.22)
Notice that we have restored all the dependence on the auxiliary fields in computing
(4.22). The reason for this is that only off-shell the topological algebra holds. Oth-
erwise it holds modulo field equations and then the analysis of observables is more
complicated. The topological algebra (2.6) guarantees that the Q-transformations
of the fields in (4.22) leads to a total derivative and therefore their integration over
closed 1-cycles and 2-cycles respectively leads to observables. One can check this
explicitly using the transformations listed in (4.5), (4.6), (4.7) and (4.8). Further-
more, as shown in (2.25), to obtain a possible non-vanishing vacuum expectation
value one must consider closed 1-cycles which are homologically non-trivial. The
only 2-cycle to be consider is the two-dimensional manifolds itself. The two-form
operator (4.22) possesses a feature which is not standard in topological quantum
field theories, namely, it depends on the auxiliary field Fˆ I . Since, as discussed
above, the presence of the auxiliary field leads to an energy-momentum tensor
which is not Q-exact, we have to reanalyze the type of invariants obtained from
operators as φ
(2)
µν in (4.22). Before carrying out such analysis we will construct the
second type of Q-invariant operators of the theory.
Let us consider a closed form of type (0, p), i.e., a closed form with p antiholo-
morphic indices, AI¯1I¯2...I¯p . Certainly, the operators
φ˜(0) = AI¯1I¯2...I¯p(χ
I¯1 + χ¯I¯1)(χI¯2 + χ¯I¯2)...(χI¯p + χ¯I¯p) (4.23)
are Q-invariant. The construction of their descendants is carried out using the
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operator Gµ as before. One finds,
φ˜
(1)
µ =
1
2
∂JAI¯1I¯2...I¯pρ
J
µ(χ
I¯1 + χ¯I¯1)(χI¯2 + χ¯I¯2)...(χI¯p + χ¯I¯p)
+ AI¯1I¯2...I¯p
p∑
s=1
(−1)s+1(χI¯1 + χ¯I¯1)...∂µxI¯s ...(χI¯p + χ¯I¯p),
φ˜
(2)
µν =
1
8
DJ∂KAI¯1I¯2...I¯pρ
J
µρ
K
ν (χ
I¯1 + χ¯I¯1)(χI¯2 + χ¯I¯2)...(χI¯p + χ¯I¯p)
− i
4
εµν∂JAI¯1I¯2...I¯p(Fˆ
J − ∂JW¯ )(χI¯1 + χ¯I¯1)(χI¯2 + χ¯I¯2)...(χI¯p + χ¯I¯p)
+
1
4
∂JAI¯1I¯2...I¯pρ
J
[µ
p∑
s=1
(−1)s+1(χI¯1 + χ¯I¯1)...∂ν]xI¯s...(χI¯p + χ¯I¯p)
+
1
2
AI¯1I¯2...I¯p
p∑
s,t=1
s6=t
(−1)t+s(χI¯1 + χ¯I¯1)...∂µxI¯s ...∂νxI¯t ...(χI¯p + χ¯I¯p),
(4.24)
where the squared brackets on indices denote antisymmetrization with no factor.
Again, as in the previous operators, we observe the same feature regarding the
dependence on the auxiliary field. Let us analyze the consecuences of having a
linear dependence on F I in (4.22) and (4.24).
We will denote by ϕ
(2)
µν (ϕ˜
(2)
µν ) the part of φ
(2)
µν in (4.22) (φ˜
(2)
µν in (4.24)) which
does not contain Fˆ I . Ones has,
φ
(2)
µν =ϕ
(2)
µν +
i
4
εµνF
IξI ,
φ˜
(2)
µν =ϕ˜
(2)
µν +
i
4
εµνF
I ξ˜I ,
(4.25)
where,
ξI =− ∂IA,
ξ˜I =− ∂IAI¯1I¯2...I¯p(χI¯1 + χ¯I¯1)(χI¯2 + χ¯I¯2)...(χI¯p + χ¯I¯p).
(4.26)
We will show that the vacuum expectation values of the integrated form of the
operators ϕ
(2)
µν and ϕ˜
(2)
µν computed with the action (4.18) are topological invariants.
37
Namely, we will prove,
δ
δgµν
〈
∫
Σ
ϕ
(2)
µν 〉 =0,
δ
δgµν
〈
∫
Σ
ϕ˜
(2)
µν 〉 =0.
(4.27)
To prove this we will place back the auxiliary fields in the action of the theory
and we will compute the vacuum expectation value of the integrated form of the
operators φ
(2)
µν and φ˜
(2)
µν . In other words we will consider the theory off-shell. We
will carry out the analysis explicitly for φ
(2)
µν but, similarly, it follows for φ˜
(2)
µν since
the only fact that we need to use is that the dependence on F I is linear and this
is a common feature to both operators. Let us therefore consider
〈
∫
Σ
φ
(2)
µν 〉off =
∫
[dX ][dF ]
∫
Σ
(ϕ
(2)
µν +
i
4
εµνFˆ
IξI)e
−S(X)+
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯ , (4.28)
where [dX ] denotes the measure corresponding to the fields xI , xI¯ , χI¯ , χ¯I¯ , ρµ
I ,
and [dF ] the one corresponding to Fˆ I and Fˆ I¯ . The subindex in 〈〉off denotes that
the vacuum expectation value is taken off-shell. Since the dependence of φ
(2)
µν on
F I is linear one has,
〈
∫
Σ
φ
(2)
µν 〉off =
∫
[dX ][dF ]
∫
Σ
ϕ
(2)
µν e
−S(X)+
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯
=
∫
[dF ]e
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯ 〈
∫
Σ
ϕ
(2)
µν 〉.
(4.29)
This result shows that the vacuum expectation value (4.28) factorizes in a part
which contains the integration on F I and it is not topological invariant, times the
vacuum expectation value 〈∫Σ ϕ(2)µν 〉, where the functional integration is carried out
without the fields F I and F I¯ . Our aim is to show that this last factor is topological
invariant. To carry this out we will take the vacuum expectation value (4.28) and
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we will study its dependence on gµν . We have,
1√
g
δ
δgστ
〈
∫
Σ
φ
(2)
µν 〉off
=
∫
[dX ][dF ]
∫
Σ
φ
(2)
µν (Tστ +
1
2
gστGIJ¯ Fˆ
IFˆ J¯ )e−S(X)+
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯
=
∫
[dX ][dF ]{Q,
∫
Σ
φ
(2)
µνGστ}e−S(X)+
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯
+
1
2
gστ
∫
[dX ][dF ]φ
(2)
µνGIJ¯ Fˆ
IFˆ J¯e−S(X)+
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯ ,
(4.30)
where we have used that [Q, φ
(2)
µν ] is a total derivative and we have denoted by
Gστ the quantity such that Tστ = {Q,Gστ} in (4.20) (recall eq. (2.12)). The first
term in (4.30) vanishes because, certainly, the off-shell action which appears in the
exponent is Q-invariant. We are left with the second term which can be written
as,
1√
g
δ
δgστ
〈
∫
Σ
φ
(2)
µν 〉off = −1
2
gστ
∫
[dF ]GIJ¯ Fˆ
IFˆ J¯e
∫
Σ
√
gGIJ¯ Fˆ
I Fˆ J¯ 〈
∫
Σ
ϕ
(2)
µν 〉, (4.31)
since the linear dependence on F I in φ
(2)
µν gives a vanishing contribution. Compar-
ing (4.31) with (4.29) one concludes that, indeed,
1√
g
δ
δgστ
〈
∫
Σ
ϕ
(2)
µν 〉 = 0. (4.32)
This result proves that the on-shell theory leads to topological invariants. Notice
that it has been essential in the proof that the dependence on F I of the observables
is at most linear in the auxiliary fields.
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5. Coupling to Topological Gravity
In this section we will describe a gauging procedure to build the coupling of
the theories involving topological matter constructed in the two previous sections
to topological gravity. The two types of topological quantum field theories which
we have constructed possess the Q-symmetries generated by the transformations
(3.33) and (4.19). If one considers a flat two-dimensional space it is clear from
the construction that the actions (3.32) and (4.18) of the two types of theories are
invariant under Gµ-transformations. When considering the theories on a curved
two-dimensional space, however, these actions are not Gµ-invariant. The approach
that we will describe in this section to couple topological matter to topological
gravity will consists of a modification of these theories in such a way that the
resulting theories are invariant under a local Gµ-symmetry. This will be done by
introducing a gauge field corresponding to this symmetry which we will denote by
ψµν . Certainly, since Gµ is odd, this new gauge field is also odd. From the relation
{Q,Gµ} = Pµ in (2.6) follows that the gauge field associated to Gµ must be the
Q-partner of the metric gµν , which is the gauge field associated to Pµ. We will
find out in the construction that, indeed, invariance of the gauged action under Q
implies that gµν and ψµν are Q-partners, i.e., [Q, gµν ] = ψµν . Notice that in this
construction Pµ and Gµ are generators of local symmetries while Q is a global one
which relates both.
In this paper we will consider the coupling of a simple type B model. A
treatment in full generality will be presented elsewhere. Let us consider type B
topological matter corresponding to a flat 2d-dimensional target space with no
potential terms. The corresponding action is easily obtained from (4.18),
S =
∫
Σ
d2σ
√
g
(
gµν∂µx
I∂νx
I¯ − iεµν∂µxI∂νxI¯
− 1
2
gµνρIµ∂ν(χ
I¯ + χ¯I¯)− i
2
εµνρIµ∂ν(χ
I¯ − χ¯I¯)).
(5.1)
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This action is invariant under the Q-transformations (4.19) that now take the form,
[Q, xI ] = 0,
[Q, xI¯ ] = χI¯ + χ¯I¯ ,
{Q, ρIµ} = 2∂µxI .
{Q, χI¯} = 0,
{Q, χ¯I¯} = 0,
(5.2)
However, (5.1) is not invariant under the Gµ-transformation which can be easily
obtained from (4.5), (4.6) and (4.7),
[Gµ, x
I ] =
1
2
ρIµ,
[Gµ, x
I¯ ] =0,
{Gµ, χI¯} =1
2
(∂µx
I¯ − iεµν∂νxI¯),
{Gµ, χ¯I¯} =1
2
(∂µx
I¯ + iεµ
ν∂νx
I¯),
{Gµ, ρIν} =0.
(5.3)
The action (5.1) is reparametrization invariant. On the other hand, the Gµ-
transformations (5.3) are covariant. Since the action (5.1) is Gµ-invariant for a
flat two-dimensional space, it must be also invariant if the parameter associated
to a Gµ-transformation is covariantly constant. Let us introduce an odd local
parameter ηµ as the one corresponding to Gµ-transformations. From (5.3) these
transformations can be written as,
δxI =
1
2
ηµρIµ,
δxI¯ =0,
δχI¯ =
1
2
ηµ(∂µx
I¯ − iεµν∂νxI¯),
δχ¯I¯ =
1
2
ηµ(∂µx
I¯ + iεµ
ν∂νx
I¯),
δρIν =0.
(5.4)
The variation of the action (5.1) under these transformations takes the form,
δS =
∫
Σ
d2σ
√
g(∇µην)PµνστρIσ∂τxI¯ , (5.5)
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where Pµν
στ is a projector into the traceless symmetric part for tensors of rank
two,
Pµν
στ =
1
2
(δµσδ
ν
τ + δ
ν
σδ
µ
τ − gµνgστ), (5.6)
and ∇µ is a two-dimensional covariant derivative. Notice that, as expected, the
variation (5.5) vanishes for a covariantly constant parameter ηµ.
Our next step is the introduction of a new odd field ψµν which will play the
role of gauge field for the transformations (5.4). From the variation (5.5) follows
that this field must be symmetric and traceless,
ψµν = ψνµ, ψµ
µ = 0, (5.7)
and must transform as,
δψµν = 2Pµν
στ∇σητ . (5.8)
The term to be added to the action (5.1) must be such that the action is invariant
under the transformations (5.4) and (5.8). This term is simple to guess. The
gauged action turns out to be,
Sg =
∫
Σ
d2σ
√
g
(
gµν∂µx
I∂νx
I¯ − iεµν∂µxI∂νxI¯
− 1
2
gµνρIµ∂ν(χ
I¯ + χ¯I¯)− i
2
εµνρIµ∂ν(χ
I¯ − χ¯I¯)− 1
2
ψµνρIµ∂νx
I¯
)
.
(5.9)
Notice that the metric tensor gµν does not transform under Gµ transformations.
The Q-variation of the action (5.9) is not defined since we have not specified the
Q-transformation of ψµν . Furthermore, so far we have consider gµν as a Q-invariant
quantity. It turns out that the only way to make (5.9) Q-invariant is defining the
Q-transformations of gµν and ψµν as,
[Q, gµν ] =ψµν ,
{Q,ψµν} =0,
(5.10)
which are consistent with the nilpotency of Q. The gauge action is invariant under
ordinary reparametrizations and the local symmetry listed in (5.4) and (5.8). To
42
quantize the gauged action (5.9) one needs to fix these local gauge symmetries.
These gauge fixings leads to the introduction of ghost fields which build the stan-
dard content of topological gravity in two dimensions [1,2,6]. We will not describe
the quantization procedure in this work. It follows the lines described in [1,6].
In this section we have coupled topological matter to topological gravity taking
a simple model for type B matter. The procedure should be extended to the general
case. The steps needed in the gauging procedure are rather standard and one does
not expect unsurmountable complications. We expect to report on this in the
future.
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6. Concluding remarks
In this work we have constructed two types of theories containing topological
matter after twisting N = 2 supersymmetry. In addition we have given a gauging
procedure to couple matter to topological gravity. Type A topological matter is a
topological quantum field theory whose action is Q-invariant. However, this feature
is not shared by type B topological matter. It should be desirable to understand
the nature of the observables associated to type B topological matter and, in
particular, the role played by the potential which, certainly, is going to be non-
trivial. One should also study the relation between these theories and conformal
topological field theories. For example, it should be interesting to analyze if a
relation as the one between supersymmetric Landau-Ginzburg models and N=2
superconformal models [35,36,37] holds. It is not clear in such a picture which one
is the correspondence between the observables constructed in sect. 4 for type B
matter and the ones in topological conformal field theory [7,8].
It is interesting to remark that associated to the two types of topological matter
that we have studied there also exist their conjugate counterparts. The choice of
new Lorentz generator (2.11), J˜ = J + R to carry out the twist could have been
chosen differently, namely, J˜ = J − R. It is clear from the construction that
the resulting theories would have the same features as the ones constructed in
sect. 3 and 4. In type A theories one would obtain a change of selfduality by
anti-selfduality conditions. In type B theories the prominent role played by the
anti-holomorphic coordinates will be played by the holomorphic ones.
Theories containing a mixture of type A and type B topological matter should
be constructed. It would very interesting to analyze its geometric interpretation
as well as the possible potential terms which they allow. The resulting models
must be related to the supersymmetric ones constructed in [28] and therefore they
will provide a topological version of Wess-Zumino-Witten models. Finally, the full
coupling to topological gravity of all these types of topological matter should be
carried out.
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APPENDIX
In this appendix we will give a summary of our conventions and we will recall a
few facts about complex manifolds. The quantum field theories considered in this
paper are defined on a two-dimensional manifold Σ which is locally endowed with
an Euclidean metric gµν = δµν . This metric is invariant under SO(2) tangent space
rotations which generate the corresponding “Lorentz” group. Greek indices from
the beginning of the alphabet label spinor representations of the Lorentz group
while greek indices of the middle of the alphabet label vector representations.
A real system of coordinates on Σ is denoted by x1, x2 which combine to give
holomorphic coordinates,
z = x1 + ix2, z¯ = x1 − ix2, (A.1)
in such a way that a vector V µ with real components (V 1, V 2) has holomorphic
components given by,
Vz =
1
2
(V1 − iV2), Vz¯ = 1
2
(V1 + iV2). (A.2)
The components of the locally flat Euclidean metric are:
gzz¯ =gz¯z =
1
2
,
gzz =gz¯z¯ = 0,
gzz¯ =gz¯z = 2,
gzz =gz¯z¯ = 0.
(A.3)
The epsilon symbol is is chosen in such a way that,
ǫ12 = −ǫ21 = 1, (A.4)
or, in holomorphic coordinates,
ǫz¯z = −ǫzz¯ = 2i. (A.5)
On a curved space, the epsilon symbol behaves as a tensor density in such a way
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that εµν defined by,
εµν =
1√
g
ǫµν (A.6)
behaves as a tensor.
Our choice of Euclidean Dirac matrices γµ is,
(γ1)α
β = σ1, (γ2)α
β = σ2, (A.7)
where σ1, σ2 are Pauli matrices. Lorentz spinor indices are lowered and raised by
the matrix Cαβ = σ
1,
(γµ)αβ = (γ
µ)α
τCτβ. (A.8)
The algebra of the generators of N = 2 supersymmetry takes the form,
{Qαa, Qβb} = δbaγµαβPµ. (A.9)
where Latin indices label the spinor representation of the internal SO(2) symmetry.
When both, Lorentz SO(2) and internal SO(2) indices are written explicitly, they
are separated by a comma. The algebra (A.9) reads:
{Q+,+ , Q+,−} =2Pz = 2∂z,
{Q−,+ , Q−,−} =2Pz¯ = 2∂z¯,
(A.10)
while all others anticommutators vanish.
Let us recall a few facts about complex geometry which are useful for the
comprehension of the paper. Let us consider even-dimensional manifold M . An
almost complex structure Jj
i on M is a (1, 1) tensor satisfying,
Ji
kJk
j = −δji . (A.11)
A manifold M is called almost complex if it admits an almost complex structure
Ji
j . This manifold M is called a complex manifold if it admits an atlas with a
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complex coordinate system in such a way that transition functions between neigh-
bor charts are holomorphic. In other words, if the complex coordinates of two
patches U and V (U ∩ V 6= ∅) are XI , X I¯ , and Y I , Y I¯ , respectively, then the
transition functions in U ∩ V are such that,
XI =XI(Y I), ∂Y I¯X
I = 0,
X I¯ =X I¯(Y I¯), ∂Y IX
I¯ = 0.
(A.12)
In this holomorphic complex coordinate system the complex structure J ij can be
defined with constant entries,
JI
J = −iδJI , JI¯ J¯ = iδJ¯I¯ , JI J¯ = JI¯ J = 0. (A.13)
A complex manifold with Riemannian metric Gij is called almost Hermitian
if
Gij = J
p
i J
l
jGpl. (A.14)
Using property (A.11) this statement is equivalent to,
Jij ≡ JikGkj = −Jji. (A.15)
Hermiticity is a restriction on the metric, and not on the manifold. If a complex
manifold admits a metric Hij , then it also admits the metric Gij defined as,
Gij =
1
2
(Hij + Ji
pJj
lHpl), (A.16)
which is Hermitian. Moreover, in holomorphic coordinates, after using (A.13),
GIJ = GI¯J¯ = 0, (A.17)
being the nonvanishing components of the metric of the type GIJ¯ = GJ¯I .
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From (A.15) follows that on an almost Hermitian manifold one can naturally
define the two-form J ,
J =
1
2
JijdX
i ∧ dXj. (A.18)
An almost Hermitian manifold is called Kahler if this two-form is closed,
dJ = 0, (A.19)
which, in holomorphic components becomes,
∂KGIJ¯ = ∂IGKJ¯ , ∂K¯GIJ¯ = ∂J¯GIK¯ . (A.20)
This implies the existence of a Kahler potential K(XI , X I¯) such that,
GIJ¯ = ∂I∂J¯K. (A.21)
Christoffel connections can be computed straightforwardly from previous expres-
sions. The nonvanishing components are:
ΓIJK = G
IL¯∂JGKL¯, Γ
I¯
J¯K¯
= GI¯L∂J¯GLK¯ . (A.22)
This fact implies that the only non-trivial components of the Riemann tensor are,
RI¯JK¯L = GI¯M∂K¯Γ
M
JL, (A.23)
plus all others which are obtained using the symmetry properties of the Riemann
tensor.
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